it is well known that there is an equivalent definition: a space T is 0-LC if every point has arbitrarily small neighborhoods V such that any continuous 0-sphere in V bounds a continuous 1-cell in V. But for p>0, Borsuk and Mazurkiewicz have shown by an example 2 that these two definitions are not equivalent. Hence the question arises as to the relative size of V with respect to U in the first definition. At first glance, the Borsuk-Mazurkiewicz example would seem to indicate that V must be considerably smaller than U. This, however, is not the case.
Two neighborhoods of a point are involved in the definition 1 of local connectivity : a space T is p-LC at a point x if every neighborhood U of x contains a neighborhood V of x such that any continuous ^-sphere in V bounds a continuous (p + l)-cell in U. T is p-LC if it is p-LC at every point, and it is LO if it is p-LC for
O^p^n. For the case p = 0, it is well known that there is an equivalent definition: a space T is 0-LC if every point has arbitrarily small neighborhoods V such that any continuous 0-sphere in V bounds a continuous 1-cell in V. But for p>0, Borsuk and Mazurkiewicz have shown by an example 2 that these two definitions are not equivalent. Hence the question arises as to the relative size of V with respect to U in the first definition. At first glance, the Borsuk-Mazurkiewicz example would seem to indicate that V must be considerably smaller than U. This, however, is not the case.
THEOREM. If a space T is LO, then each point of T has arbitrarily small neighbrhoods V such that any continuous p-sphere, O^pSn, in V bounds a continuous (p + l)-cell in V.
PROOF. Let f/bea neighborhood of a point x of T such that any continuous 0-sphere in U bounds a continuous 1-cell in U. Let A be the class of all neighborhoods V of x such that any continuous ^-sphere, 0<p^n } in F bounds a continuous (£ + l)-cell in U. Since T is LO, A is not vacuous. Order the elements of A by inclusion. Since the continuous image of a sphere is a compact set, the union of the elements of any simply ordered subset of A is again an element of A. Hence, by Zorn's lemma, A contains a maximal element, Vo.
We assert that VoZ) U. If not, let y be a point of the open set U-Vo, and let Wbe a neighborhood of y, WQ U-Vo, such that any continuous ^-sphere, 0<p^n, in Wbounds a continuous (£ + l)-cell in U. Since p>0, any continuous ^-sphere in VJUW is either in Vo or in W, so VJUW is an element of A, which contradicts the maximality of Vo.
